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It follows from a result of Newell [2, Theorem l] that if R is a ring with 
unity, J is a hypercentral ideal of R of height w or less, and M is an 
Artinian R-module, then there is a positive integer k such that 
M = MJ + *Jk; 
here *J” = {u E M: uJk = O}. This th eorem is dual to a result of Robinson 
[3, Theorem 11. We shall construct an example dual to that provided by 
[3, Theorem 31: 
THEOREM. There exists a metabelian group G which is hypercentral of class 
w + 1, and an Artinian G-module M such that 
u *g” = Mg # M. 
a>1 
Here g is the augmentation ideal of the integral group ring ZG. From the 
fact that G is a hypercentral group of class w + 1, it follows that g is a hyper- 
central ideal of ZG of height o + 1, so our example shows that the height w 
in Newell’s theorem cannot be increased. 
WC shall use the following result, which can be deduced either from 
[l, Theorem l(ii)], or alternatively by dualizing one of the standard proofs of 
Hilbert’s Basis Theorem [4, Chap. 4, Theorem 1, First Proof]. 
LEMMA. Let R be a ring with unity, and let N be a module for the polynomial 
ring R[x]. Suppose that N can be decomposed as a direct sum of R-submodules 
N = B, @B, @ ..*, 
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and that the action of x satis$es the equations 
B,x = 0, B,x = B,-, (n > l), *x = B, . 
If B, is an Artinian R-module, then N is an Artinian R[x]-module. 
To prove the theorem, let M be a vector space of countably infinite 
dimension over a field of prime order p, with basis {a, 6, , 6, ,...}. We define 
automorphisms xi (i = 1, 2,...) and t of M by the rules 
axi = a + bi , &Xi = b, (i > 1, n 2 l), 
at = a, b,t = b, , b,t = 6, + b,-, (72 > 1). 
Then the xi’s commute, so we may regard them as basis elements of a free 
Abelian group H. Also 
x , t  = tx1 )  x , t  = txixidl (i > 1); 
thus t normalizes H, and has infinite order. Let G be the split extension of H 
by (t). We note that G is metabelian. Moreover, the ith term of the upper 
central series of G is (xi ,..., x,); hence the wth and (W + 1)th terms are H 
and G, respectively, so that G is hypercentral of class w + 1. (In fact, our 
group G is the same as Robinson’s.) 
I f  x = t - 1, then the polynomial ring Z[x] is a subring of the group ring 
ZG, and so M can be regarded as a Z[x]-module. Let N be the submodule 
generated by b, , 6, ,... . Now 
6,x = 0, b,x = b,-, (n > 11, 
and b, has order p, so the lemma implies that N is an Artinian Z[x]-module. 
Since j M/N j = p, it follows that M is Artinian as a Z[x]-module, and 
therefore also as a ZG-module. 
Finally, if Ij is the augmentation ideal of ZH, then 
alj = N, NIj = 0, *lj = N, 
a(t- 1) =O, N(t- 1) = N, *(t - 1) = (a, b,). 
Thus Mg = N, and *g = (6,). Since M/(bl> is isomorphic to M as a 
ZG-module, an inductive argument shows that *gn = (b, ,..., b,). This 
proves the theorem. 
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